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We discuss Bragg scattering on both Bose and Fermi gases with strong short-range interactions
in the deep inelastic regime of large wave vector transfer q, where the dynamic structure factor is
dominated by a resonance near the free-particle energy ~ω = εq = ~2q2/2m. Using a systematic
short-distance expansion, the structure factor at high momentum is shown to exhibit a nontrivial
dependence on frequency characterized by two separate scaling regimes. First, for frequencies that
differ from the single-particle energy by terms of order O(q) (i.e., small deviations compared to
the single-particle energy), the dynamic structure factor is described by the impulse approximation
of Hohenberg and Platzman. Second, deviations of order O(q2) (i.e., of the same order or larger
than the single-particle energy) are described by the operator product expansion, with a universal
crossover connecting both regimes. The scaling is consistent with the leading asymptotics for a
number of sum rules in the large momentum limit. Furthermore, we derive an exact expression
for the shift and width of the single-particle peak at large momentum due to interactions, thus
extending a result by Beliaev [J. Exp. Theor. Phys. 7, 299 (1958)] for the low-density Bose gas
to arbitrary values of the scattering length a. The shift exhibits a maximum around qa ' 1, which
is connected with a maximum in the static structure factor due to strong short-range correlations.
For Bose gases with moderate interaction strengths, the theoretically predicted shift is consistent
with the value observed by Papp et al. [Phys. Rev. Lett. 101, 135301 (2008)]. Finally, we develop
a diagrammatic theory for the dynamic structure factor which accounts for the correlations beyond
Bogoliubov theory. It covers the full range of momenta and frequencies and provides an explicit
example for the emergence of asymptotic scaling at large momentum.
PACS numbers: 05.30.Jp, 03.75.Hh, 67.85.Bc, 31.15.-p
I. INTRODUCTION
Deep inelastic scattering — the inelastic scattering off
a target with a high-energy probe — is a central theme
in high-energy physics. It has played a crucial role in
establishing quarks as the basic fields for describing the
internal structure of hadrons [1–3]. Originally, the theo-
retical analysis of deep inelastic scattering was based on
the parton model due to Bjorken and Paschos [4] and
Feynman [5], in which a virtual photon created (e.g., in
electron scattering) sees the constituents (partons) inside
the hadron as quasifree particles because the time scale
1/cq of the virtual photon interaction is much shorter
than the parton interaction time. The measured struc-
ture functions are then proportional to the density of
partons with a certain fraction of the nucleon momen-
tum [6]. In particular, dimensionless ratios turn out to
be asymptotically scale invariant, depending only on the
Bjorken variable X = ~q2/2mω, where ~q and ~ω denote
the momentum and energy transfer by the photon, and m
is the hadron mass [6]. In contrast to high-energy physics,
research in condensed matter and many-body physics
is traditionally concerned with low-energy, long-distance
phenomena. In the case of dilute, ultracold quantum
gases, these may be described by simple models such as
Bogoliubov’s weakly interacting Bose fluid, which — at
vanishing chemical potential — defines a scale-invariant
field theory, giving rise to universal behavior at low densi-
ties and temperature [7]. Short-distance physics, in turn,
depends on the details of the short-range interaction and
is therefore not expected to exhibit universal behavior.
In our present work, we show that scaling akin to that
studied in deep inelastic scattering in high-energy physics
also appears in ultracold gases. Specifically, we study
the dynamic structure factor in the regime of high mo-
menta. In this regime, the assumption that interactions
between the atoms are negligible leads to the so-called
impulse approximation (IA) [8], which may be viewed as
an analog of the parton model in high-energy physics. As
we show, this approximation corresponds to a quasifree
regime that is dominated by single-particle excitations.
It leads to a particular form of scaling, yet fails to ac-
count for multiparticle excitations. The latter can be
incorporated in a systematic manner using the Wilson
operator product expansion (OPE). The simple scaling
in the quasifree regime is then replaced by a more com-
plicated one involving anomalous dimensions, reminis-
cent to what is achieved in high-energy physics with the
QCD-improved parton model [9].
In the context of strongly interacting quantum fluids,
much of our understanding of their excitation spectrum
is derived from the dynamic structure factor, which de-
termines the scattering rate of an external density probe
that transfers an energy ~ω and momentum ~q to the
system. It is measured by inelastic neutron scattering
in 4He [10–14] or via two-photon Bragg spectroscopy in
ultracold quantum gases [15–20]. The dynamic structure
factor S(ω,q) is defined through the imaginary part of
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2the density response function χ [21]:
S(ω,q) =
1
pi
[
1− e−β~ω]−1 Imχ(ω + i0,q). (1)
At small momentum transfer, S(ω,q) is dominated by
collective excitations. As shown by Feynman [22], these
are phonons with a linear dispersion ωq = csq, where cs
is the speed of sound. In the superfluid phase, phonons
in fact exhaust the f -sum rule,
m1 = ~2
∫ ∞
−∞
dω ωS(ω,q) = nεq, (2)
in the long-wavelength limit q → 0 (here, εq = ~2q2/2m
is the free particle energy and m the bare mass of an
atom). As a result, the density response function has
a single pole at a position ~ωq = εq/S(q), which is
fixed by the static structure factor S(q) via the sum rule
m0 = nS(q). This is the so-called single-mode approxi-
mation, S(ω,q) → S1p(ω,q) = Zqδ(~ω − ~ωq), which is
exact at low momenta. In this limit, both the excitation
frequency ωq and the quasiparticle weight Zq = nS(q)
depend only on the single parameter cs, which is fixed by
the compressibility. As a consequence, the single-mode
approximation does not provide any information about
superfluid properties such as the superfluid or the con-
densate density [23]. It is therefore of considerable inter-
est to study which kind of information is contained in the
dynamic structure factor away from the long-wavelength
limit. Now, as argued by Feynman [22], a simple ex-
tension of the single-mode approximation to larger wave
vectors leads, in the particular case of 4He, to a roton
minimum in the excitation energy ~ωq. This is a conse-
quence of the pronounced peak in the static structure
factor S(q) near the wave vector q0 ' 2 A˚−1 associ-
ated with the short-range order in the strongly correlated
fluid. Quantitatively, however, the single-mode approx-
imation estimate for the excitation energy ~ωq0 near q0
is a factor of 2 larger than the experimental result [14].
The physics behind the breakdown of the single-mode
approximation has been discussed by Miller, Pines, and
Nozie`res [24]: they have shown that the backflow correc-
tions to the Feynman variational ansatz |ψq〉 = ρˆ†q|0〉
for excited states with wave vector q as well as the
strong depletion of the condensate become increasingly
important at larger wave vectors, giving rise to an in-
coherent background Sinc(ω,q). Its integrated weight
minc0 = nS(q)[1− f(q)] defines a dimensionless function
f(q) that approaches unity as f(q) → 1 − O(q4) in the
long-wavelength limit but vanishes quickly beyond wave
vectors of the order of the inverse interparticle spacing.
In this regime, the dynamic structure factor is dominated
by an incoherent background which depends on micro-
scopic details. Surprisingly, however, in the regime of
very large momenta q  q0, a completely different kind
of universality emerges. Indeed, as anticipated by Miller,
Pines, and Nozie`res [24] and then shown in detail by Ho-
henberg and Platzman [8], the dynamic structure factor
at large wave vectors provides a direct measure of the mo-
mentum distribution. It thus allows to infer the presence
of a nonvanishing condensate density n0 and the associ-
ated off-diagonal long-range order in an interacting Bose
fluid. This prediction is based on the so-called impulse
approximation, which assumes that at large wave vectors
q, the response is given by a Fermi golden rule expression
for exciting a single atom with small momentum k to a
large momentum k+ q. Neglecting interactions between
the final and initial state atoms, this yields the IA
SIA(ω,q) =
∫
d3k
(2pi)3
n(k) δ(~ω + εk − εk+q), (3)
in which the dynamic structure factor is completely de-
termined by the momentum distribution n(k) of the
strongly interacting quantum fluid. This approximation
may be viewed as analogous to the naive parton model
of high-energy physics where the structure functions are
proportional to the density of different partons that carry
a certain fraction of the nucleon momentum [4, 6]. A
crucial prediction of the IA is a particular form of scal-
ing: S(ω,q) does not depend on ~ω and q separately but
only on a single dimensionless scaling variable. Specif-
ically, assuming a rotationally invariant system with a
finite condensate density n0, the general form
n(k) = (2pi)3n0δ(k) + n˜(k) (4)
of the momentum distribution implies
S(ω,q) =
m
~2ξ˜2
1
q
JIA(Y ), with Y =
mξ˜
~2
~ω − εq
q
,
(5)
where Y is sometimes referred to as the West scaling
variable [11, 25] [26]. The associated scaling function
JIA(Y ) = n0ξ˜
3δ(Y ) +
ξ˜2
4pi2
∫ ∞
|Y |/ξ˜
dk k n˜(k) (6)
contains a singular contribution in the presence of a fi-
nite condensate plus a smooth part, which reflects the
momentum distribution n˜(k) of noncondensed atoms.
The dimensionless scaling variable Y in Eq. (5) in-
volves a length scale ξ˜ whose inverse is the character-
istic scale over which the momentum distribution varies.
For weakly interacting bosons, a convenient choice for
ξ˜ is thus the standard healing length ξ, which appears
in Bogoliubov theory. For both degenerate Fermi gases
or for strongly interacting bosons, in turn, the momen-
tum distribution has the inverse 1/ξ˜ ' n1/3 of the aver-
age interparticle spacing as a characteristic wave number
scale, while for nondegenerate gases a convenient choice
for ξ˜ is the thermal wavelength λT . To be consistent
with the f -sum rule [Eq. (2)], the smooth part of the
scaling function JIA(Y ) away from the condensate peak,
which is called the Compton profile or the longitudinal
momentum distribution in the 4He literature [12], must
3take up the missing area n − n0. Because of a strong
condensate depletion, this is quite large in 4He – close to
90% even at zero temperature. Neutron scattering in the
regime of large momentum transfer q provides quantita-
tive results for the smooth part of the scaling function
JIA(Y ) [12]. Because of the finite instrumental resolu-
tion and the unknown final-state effects which – as we
show below – limit the range of applicability of the IA
to |Y |  O(q1), the extracted values for the conden-
sate density of 4He have considerable error bars. They
are consistent, however, with the accepted theoretical re-
sult n0(T = 0) ' 0.1n, which relies on path-integral or
Green’s function Monte Carlo simulations based on ab
initio pair potentials [27, 28].
The realization of a completely novel class of
Bose-Einstein condensates (BEC) using ultracold alkali
gases [29, 30] has opened new opportunities to study
both collective and single-particle excitations of superflu-
ids [14]. In the ultracold limit, the interactions in these
gaseous systems are completely specified by the s-wave
scattering length a. For bosons in three dimensions, sta-
bility requires a to be positive, whereas both signs of
a are possible for two-component Fermi gases [31]. In
the absence of a Feshbach resonance, the characteristic
values of the scattering length are of the order of the
van der Waals length `vdW, which is typically in the few
nanometer range. Both the average interparticle spac-
ing n−1/3 and the wavelengths 4pi/q used in Bragg spec-
troscopy then obey n−1/3  |a| and 1/q  |a|. In this
regime of weak correlations, Bose gases are well described
by the standard Bogoliubov theory, which is based on
the assumption of a classical coherent state that repre-
sents the condensate. The Gaussian fluctuations on top
of the condensate then give rise to a set of noninteracting
quasiparticles. Their spectrum Eq =
√
εq(εq + 2gn0) is
linear in momentum Eq → ~csq below the inverse heal-
ing length 1/ξ and approaches the free-particle limit as
Eq = εq + gn+ · · · at large wave vectors qξ  1. Here,
g = 4pi~2a/m is the low-energy coupling constant, lin-
ear in the scattering length a. Within Bogoliubov the-
ory, the bosonic quasiparticles with spectrum Eq exhaust
the complete set of excitations. As a result, the single-
mode approximation turns out to be exact at arbitrary
wave vectors q. Such a simple description, however, is
no longer applicable once the scattering length is in-
creased up to values of the order of or even larger than
either n−1/3 or 1/q. This is possible via Feshbach res-
onances [32]. The use of Feshbach resonances to study
strongly interacting gases has been particularly success-
ful for two-component Fermi gases, which are stable with
respect to three-body losses near the unitary limit of in-
finite scattering length [31]. Bose gases, unfortunately,
do not enjoy this stability since the decay rate due to
three-body losses increases like Γ3 ∼ ~n2a4/m on aver-
age [33, 34]. More precisely, for large scattering lengths,
Bose gases are unstable due to the presence of the Efimov
effect, i.e., the formation of three-body bound states at
both positive and negative scattering lengths. For open
FIG. 1. Sketch of the asymptotic structure of the dynamic
structure factor at large momentum qξ˜  1 and q|a|  1,
where ξ˜ is the characteristic length scale of the gas [such as
k−1n = (6pi
2n)−1/3 or λT = ~/
√
2pimT ]. Note that this scaling
does not necessarily require kn|a|  1. Small deviations in en-
ergy from the single-particle peak of order O(q) are described
by the impulse approximation (IA), whose range of applica-
bility shrinks with increasing momentum. Large-energy devi-
ations of order O(q2) are in turn described by the operator
product expansion (OPE), which predicts asymmetric tails on
the left- and right-hand side of the single-particle peak.
channel dominated Feshbach resonances, this happens in
a regime |a| & 10 `vdW [35, 36].
Nevertheless, a number of experiments in recent years
have explored Bose gases with scattering lengths larger
than the average interparticle spacing or the inverse ther-
mal wavelength λT [37–39]. Regarding the dynamic
structure factor, the failure of Bogoliubov theory in
the regime q|a| = O(1) was observed some time ago
in a Bragg scattering experiment on 85Rb by Papp et
al. [19]. The experiment measures the so-called line shift
∆(~ω) = ~ωq − εq, which is the deviation of the peak
position at ~ωq in the dynamic structure factor from the
single-particle energy εq. Within Bogoliubov theory, the
line shift is given by the mean-field energy ∆(~ω) = gn of
the gas. It is linear in both the scattering length and the
total number density n since the depletion n−n0 ∼
√
na3
of the condensate by interactions is of higher order in
the small parameter na3  1. The measurement [19]
is carried out at fixed large momentum as a function of
the scattering length, and, indeed, the linear-in-a Bogoli-
ubov behavior is found experimentally for qa 1. With
increasing scattering length, however, the observed shift
reaches a maximum for values qa = O(1) and then starts
to decrease.
In our present work, we discuss the dynamic structure
factor of both Bose and Fermi gases with strong inter-
actions, focusing, in particular on the so-called deep in-
elastic regime of large momentum transfer. As the main
result of our work, which is sketched in Fig. 1, we estab-
lish two distinct scaling regions with separate and com-
plementary regions of validity. For frequencies close to
4the dominant single-particle peak (we make the notion
of “close” more precise shortly), the dynamic structure
factor is described by the IA [Eq. (3)] with a scaling as
given in Eq. (5). It involves a delta peak right at the free-
particle energy εq in the presence of a condensate and a
smooth, symmetric background, cf. Eq. (6). In partic-
ular, interaction corrections to the naive Fermi golden
rule expression [Eq. (3)] turn out to vanish in the limit
qa 1. Away from the single-particle peak, the dynamic
structure factor is described by the operator product ex-
pansion, which predicts a scaling of the form
S(ω,q) =
mC2
~2q3
JOPE(Z), with Z =
~ω − εq
εq
. (7)
It involves the quite different scaling variable Z which
is connected to the Bjorken variable X = ~q2/2mω of
high-energy physics by Z = 1/X − 1. The prefactor C2
in Eq. (7) is the Tan two-body contact density [40–43],
which is a measure of the probability for two atoms to
be at the same point in space. In particular, we establish
that both IA and OPE are complementary: the IA
describes the dynamic structure factor in a frequency
range close to the single-particle peak, with deviations
~ω − εq = O(q) that scale linearly with momentum.
This is a simple consequence of the fact that the single-
particle excitations described by Eq. (3) can extend only
up to a range of order q beyond the single-particle peak.
Formally, the associated scaling variable thus obeys
Y = O(q0) in its domain of validity. The IA breaks down
for frequencies that deviate from the single-particle peak
by terms of order q2; i.e., ~ω − q = O(q2). Such large
deviations may appear due to two-particle excitations in
which a large momentum q is transferred to two parti-
cles. In this multiparticle regime, Y = O(q) increases
linearly with q and, correspondingly, the scaling variable
Z = 2Y/qξ˜ becomes of order 1. As we show below, an
exact description of the Bose gas in this multiparticle
regime is provided by the OPE (7). This situation is
illustrated schematically in Fig. 1. Most importantly, the
two different scaling regimes turn out to be connected in
a continuous manner. As an application of our results,
we show that the shift and width of the single-particle
peak can be determined asymptotically using the OPE.
This provides a straightforward explanation of the
experimental results found by Papp et al. [19]. Our
results on the OPE side extend previous work by Son
and Thompson [44], Goldberger and Rothstein [45],
Nishida [46], and one of the present authors [47], as
well as those obtained by Wong in an important early
paper [48].
In detail, this paper is structured as follows: Section II
discusses the high-momentum limit of the dynamic struc-
ture factor and the scaling predictions of both OPE and
IA and establishes the main result of our work discussed
above. We check our results in Sec. III by computing
the first four moment sum rules as well as so-called Borel
sum rules with exponential weight factor, which all agree
with the exact results derived from the OPE of the den-
sity response function. Section IV then extends our OPE
results to derive an exact expression for the line shift
at high momentum, which is proportional to Tan’s two-
body contact parameter C2. The line shift has a non-
monotonous dependence on scattering length, in qualita-
tive agreement with the experimental results of Ref. [19].
In the limit of weak interactions, where the perturbative
expression for C2 can be used, our result agrees with a cal-
culation by Beliaev [49] for a weakly interacting Bose gas.
Section V develops a diagrammatic approximation to the
dynamic structure factor that is consistent with various
constraints and with the OPE results. We discuss the cal-
culation based on the many-body T matrix in Sec. V A
and present the results in Sec. V B, paying particular
attention to the crossover from the low-momentum to
the high-momentum regime, where the dynamic struc-
ture factor is described by the combined scaling form of
IA and OPE. These results provide quantitative predic-
tions for experiments. The results derived here are valid
not only in the condensed phase but at finite tempera-
ture as well. As an example, in Sec. VI, we use a recent
computation of the momentum distribution of the non-
degenerate Bose gas [50] to compute the universal IA
scaling form. Section VII provides the extension of our
Bose gas results to Fermi gases. We end with a summary
and conclusions in Sec. VIII.
II. HIGH-MOMENTUM BEHAVIOR OF THE
DYNAMIC STRUCTURE FACTOR
Both the impulse approximation and the operator
product expansion address the short-distance behavior
of the density response function
χ(ω,q) =
i
~V
∫
dt eiωt〈Ttnˆq(t)nˆ−q〉
=
i
~
∫
dt
∫
dr eiωt−iq·r〈Ttnˆ(t, r)nˆ(0,0)〉, (8)
where nˆ(t, r) is the density operator and nˆq(t) its Fourier
transform, and the time evolution of the operators is
dictated by the Heisenberg equation of motion, nˆq(t) =
eiHt/~nˆqe−iHt/~. The difference in both approximations
lies in the type of excitation — single particle for the
IA or high-momentum pair excitations for the OPE —
that is taken into account. We sketch this situation
in Fig. 2. A single-particle excitation is created by
transferring the large probe wave vector q to an initial
atom with wave vector k (empty red square), which is
drawn from an initial distribution n(k) that is concen-
trated in a momentum range ξ˜−1  q. The IA assumes
that the high-momentum state (red filled square) propa-
gates as a free particle without interactions. Hence, this
regime is called the quasifree regime. Energy conserva-
tion implies ~ω + εk = εk+q, and, hence, the deviation
~ω−εq = O(q1) of the excitation energy from the single-
particle energy scales linearly with wave vector q. In
5addition to these single-particle excitations, it is neces-
sary, however, to consider pair and higher-order excita-
tions in which a large momentum is transferred to two
or more particles. The probability for such multiparti-
cle excitations is determined by the likelihood of two or
more atoms being close. For just two particles, this may
be quantified by the short-distance behavior [31, 43]
lim
r→0
n2g(2)(r) =
C2
16pi2
(
1
r2
− 2
ar
+ . . .
)
(9)
of the two-particle distribution function, which is simply
proportional to the square of the two-body wave func-
tion ψ0(r) ∼ 1/r − 1/a at zero energy for gases whose
interactions are described by a Bethe-Peierls boundary
condition. Formally, Eq. (9) follows from the contribu-
tion of the contact operator to the operator product ex-
pansion in Eq. (12) for the special case of equal times
t = 0. For small scattering lengths, the contact density
C2(a) = (4pina)2 vanishes quadratically. In an expan-
sion in powers of a, the contribution −2a/r to g(2)(r) is
therefore dominant, which is the only one kept within
Bogoliubov theory. For a > 0, this contribution de-
scribes the suppression due to repulsive interactions of
the probability density to find two particles separated by
a distance r smaller than the healing length ξ. For sepa-
rations r smaller than the scattering length, however, the
−2a/r contribution is eventually dominated by the term
C2/(4pinr)2 which guarantees that g(2)(r) remains posi-
tive at short distances [51]. Provided that the scattering
length is much larger than the effective range `vdW of
interactions, this implies an effective bunching of atoms
in a wide range of separations `vdW  r < a. The singu-
lar contribution ∼ C2/r2 to the pair-distribution function
was noted first by Naraschewski and Glauber [52] for a
weakly interacting Bose gas and was later discussed by
Holzmann and Castin [53]. While it is difficult to observe
for weakly interacting bosons with scattering lengths of
order `vdw, the result [Eq. (9)] is at least consistent with
precision experiments of the – even time-dependent –
pair-distribution function [54].
For strongly interacting gases, where the contribu-
tion ∼ C2/r2 to the pair-distribution function becomes
important, it is necessary to consider the deep inelastic
scattering off pairs of atoms with high momenta. Here,
interactions must be taken into account, which may re-
distribute the transferred wave vector q between the pair.
Such a process is sketched in Fig. 2 by the blue circles
(initial state) and blue dots (final state). We call this
regime the multiparticle regime. Here, ~ω − εq = O(q2),
which implies Y = O(q1) or Z = O(q0) for the scaling
variables. Depending on the probe energy ~ω, either one
of the two types of excitations will dominate the dynamic
structure factor. In the following, we discuss the deriva-
tion of both IA and OPE and show that they apply in the
quasifree and the multiparticle regime, respectively. Re-
markably, there is a smooth crossover that connects both
regimes. Taken together, the IA and the OPE therefore
provide a complete description of the dynamic structure
FIG. 2. High-momentum excitations that determine the deep
inelastic form of the dynamic structure factor (in a 2D plane)
at large momentum transfer q  ξ˜−1, where ξ˜ is the charac-
teristic length scale which sets the typical wave vector of the
atoms. We consider two cases: first, a single atom with wave
number k (empty red square) can be transferred to a state
with large wave vector k+ q (red filled square). Second, two
initial atoms (k′,−k′) with large and opposite momenta (blue
circles) can be excited to high momenta (k′+q1,−k′+q−q1)
(blue dots). Energy conservation implies for the probe energy
in the first case ~ω − εq = O(q1) — the quasifree regime —
and in the second case ~ω − εq = O(q2) — the multiparticle
regime.
factor at high momentum, as indicated in Fig. 1.
To obtain the IA from Eq. (8) in the quasifree regime,
we assume that the time evolution of the density operator
nˆq(t) or nˆ(t, r) is governed by the noninteracting Hamil-
tonian, i.e., nˆq(t) =
∑
k e
i(εk−q−εk)t/~a†k−qak, where a
†
k
is a Bose creation operator. Similar to the arguments
leading to the parton model, this assumption is justified
since during the short time scales of the probe, a scat-
tered high-momentum atom is not able to interact with
its surroundings. More precisely, the effective collision
time τsc = 1/(nσqvq) must be large compared to the char-
acteristic time scale τn = m/~k2n set by the finite particle
density n = k3n/6pi
2 of the Bose gas. Now, in spite of the
large velocity vq = ~q/m, this assumption holds provided
the scattering cross section σq vanishes faster than 1/q.
In the special case of quantum gases with zero-range in-
teractions, we have (for q  kn) σq ∼ 1/(a−2 + q2). For
q|a|  1, the scattering time is, thus, indeed large, and
the IA applies. Note that at high momentum, the con-
dition q|a|  1 is weaker than kn|a|  1, with the latter
implying the former but not vice versa. If we assume that
the probe scatters off an initial atom with small momen-
tum, the product a†k−qak′+q of creation and annihilation
operators for high-momentum atoms in Eq. (8) can be
replaced by the c number δk,k′ . The remaining expecta-
tion value then reduces to the momentum distribution.
Performing the time integral and taking the imaginary
part, we obtain the impulse approximation Eq. (3) with
the scaling function JIA(Y ) given in Eqs. (5) and (6).
Quite generally, the smooth part of the IA scaling func-
tion JIA(Y ) depends on the details of the momentum
distribution, and, hence, on the microscopic low-energy
scale. Remarkably, exact results may be derived in the
limits |Y |  1 or |Y |  1, which hold for arbitrary su-
perfluids or for ultracold gases, respectively. Discussing
first the limit |Y |  1, the scaling function JIA(Y ) is
6dominated by the divergent behavior of the momentum
distribution n˜(k) at small k. For generic Bose superfluids,
this behaves like n˜(k) = mcsn0/2n~k at zero tempera-
ture [55] and like n˜(k) = m2n0T/ρs~2k2 at finite tem-
perature [56], where ρs is the superfluid (mass) density.
As a result, the singular part of JIA(Y ) is given by
lim
|Y |→0
JIA(Y )
= n0ξ˜
3δ(Y )− mξ˜
2n0
4pi2~
{
cs
2n
|Y |
ξ˜
T = 0
mT
~ρs ln |Y | T 6= 0
+ const,
(10)
i.e., a cusp at zero temperature and a logarithmic di-
vergence ∼ n0T ln(1/|Y |) at finite temperature. In the
opposite limit |Y |  1, the scaling function JIA(Y ) de-
pends on the behavior of the momentum distribution at
large momenta, which is generically not universal. In
the particular case of ultracold gases, however, the mo-
mentum distribution exhibits a universal power-law de-
cay n(k) = C2/k4 determined by the two-body contact
density C2. For ultracold atoms, therefore, the scaling
function JIA(Y ) for large values |Y |  1 acquires a uni-
versal form
lim
|Y |1
JIA(Y ) =
ξ˜4C2
8pi2Y 2
. (11)
As was shown by Tan and by Braaten, Kang, and Plat-
ter [41, 43, 57], the high-momentum tail of the mo-
mentum distribution applies for arbitrary states of ei-
ther Bose or Fermi gases with zero-range interactions,
both at zero temperature and in the nondegenerate limit,
where it holds for wave vectors large compared to the
inverse thermal length λT . Hence, while the small-|Y |
form [Eq. (10)] is specific to Bose-condensed systems, the
large-|Y | tail [Eq. (11)] is completely universal.
The IA does not take into account interactions be-
tween the scattered state and the initial state. As a
result, it carries information about the time-dependent
density correlations only through the equal-time momen-
tum distribution. Corrections to the IA scaling form are
suppressed as O(1/qa). Following the ground-breaking
work of Hohenberg and Platzman, a number of attempts
have been made to include interactions beyond the IA
in a systematic expansion in inverse powers of momen-
tum [58–60]. The terms in this expansion, however, in-
volve the complete two-body and higher-body density
matrices, which are not known in general. As we discuss
above, the IA fails to account for processes where the
probe scatters off pairs of high-momentum states or pro-
cesses where interactions distribute the imparted large
momentum between two or more atoms (cf. Fig. 2). By
energy and momentum conservation, such processes be-
come relevant if ~ω−εq = O(q2), i.e., if Y = O(q). In the
following, we show that, at least for ultracold gases, this
multiparticle regime can be described accurately by the
OPE, i.e., the same method that is used in high-energy
physics to account for the QCD interaction corrections
to the parton model. The associated leading term in an
expansion in inverse powers of momentum is given by
Eq. (7), which involves only the two-body contact den-
sity.
Formally, the OPE expresses the product of two oper-
ators (which in the case of interest are the density oper-
ators) at different points in space and time as a sum of
local operators [43, 61]:
inˆ(t, r)nˆ(0,0) =
∑
`
W`(t, r, a)Oˆ`(0,0). (12)
The dependence on the difference of the operator ar-
guments is carried by the coefficients of this expansion
W`(t, r, a) – called the Wilson coefficients – which are
pure functions and not operators. This non-relativistic
OPE is, in fact – at least for special cases – a conver-
gent expansion [62]. Importantly, Eq. (12) is an operator
relation; i.e., it holds if we take its expectation value be-
tween arbitrary states. Using the OPE in Eq. (8) and
performing the Fourier transformation gives
χ(ω,q) =
∑
`
m
~2q∆`−1
J`
(
Z,
1
qa
)
〈Oˆ`〉, (13)
where we separate the q dependence from the Wilson
coefficient and write its remainder in terms of a dimen-
sionless scaling function J` that depends on (qa)
−1 and
Z = ~ω/εq−1. The exponent of ∆`−1 in front depends
on the scaling dimension of the operators Oˆ`, which are
formally defined through
〈Oˆ†`(t, r)Oˆ`(0,0)〉 ∼
1
t∆`
exp
[
−iN`mr
2
2~t
]
, (14)
where N` denotes the number of particle creation or an-
nihilation operators in Oˆ`. Since the scaling dimension in
nonrelativistic theories is bounded from below [63], the
leading-order asymptotic form of the density response is
determined by the operators with the lowest scaling di-
mension. Some details of the OPE calculation for the
density response are given in Appendix A. The leading-
order term in Eq. (13) is set by the density operator On
with Wilson coefficient [44–47]
Jn(ω,q) = − 2
Z
+
2
Z + 2
. (15)
Note that at this leading level, the Wilson coefficient
is independent of qa. For positive frequency, Z > −1,
Eq. (15) gives rise to a delta peak at ~ω = εq in the
dynamic structure factor with weight n. It is important
to note that this delta peak has nothing to do with the
presence of a delta peak due to a nonvanishing conden-
sate density n0, as predicted by the IA. It merely reflects
the fact that the OPE presents only a “coarse-grained”
picture (as we discuss below) of the dynamic structure
factor near the single-particle peak. The asymptotic form
of the incoherent part away from ~ω = εq is determined
by the next-to-leading-order term in the OPE, which is
7FIG. 3. Scaling function JOPE(Z) as given in Eq. (16) as a
function of the scaling variable Z = (~ω−εq)/εq. The scaling
function is symmetric near Z = 0 but is strongly asymmetric
for |Z| = O(1).
set by the Wilson coefficient of the contact operator Oˆc
with expectation value C2 = 〈Oˆc〉. In order to to make
contact with the IA, we consider in the following the limit
q|a|  1. In this limit, the leading contribution to the
dynamic structure factor away from the single-particle
peak is given by [44–47]
JOPE(Z) =
1
pi
Im JC
[
Z, (qa)−1 = 0
]
=
1
2pi2
[√
2Z + 1
Z2
+
1
Z + 1
ln
Z + 1 +
√
2Z + 1
|Z|
− 2√
2Z + 1
(
ln2
Z + 1 +
√
2Z + 1
|Z| − pi
2Θ(−Z)
)]
.
(16)
This function is shown in Fig. 3. In contrast to the IA,
it predicts a spectrum that is not symmetric around the
single-particle peak at Z = 0. In particular, it involves
an onset singularity at Z = −1/2 and a power-law tail at
high frequencies. In the following, we discuss the physics
behind these features in detail, starting with the behavior
near the single-particle peak, where the OPE turns out
to be smoothly connected to the impulse approximation.
According to the OPE, the spectrum near the single-
particle energy εq consists of a delta function of weight n
associated with the leading contribution [Eq. (15)] and a
singular background proportional to 1/Z2. This is quite
different from the prediction of the IA, which involves a
delta peak at ~ω = εq whose weight is determined by
the condensate density n0 plus — at T = 0 — a smooth,
symmetric background. Now, in deriving the OPE, we
rely on ω and q being large compared to any other scale
in the system. Indeed, when computing the Wilson coef-
ficients by matching few-body matrix elements, all intrin-
sic energy and length scales are neglected; i.e., we drop
any correction of order O(q−1). However, for energies
|~ω−εq| ∼ O(q) close to the single-particle energy, there
are contributions to the density response that probe low-
energy properties of the gas even if ω and q are large,
such as processes where a large momentum is transferred
to a single atom with small momentum. The behavior
close to the single-particle peak can therefore not be re-
solved by the OPE. Remarkably, however, the OPE and
IA can be smoothly connected near the crossover scale,
where Z = 2Y/qξ˜ = O(1/q), i.e., Y = O(1). To see this,
consider the OPE scaling function [44–47],
lim
Z→0
JOPE(Z, qa) =
1
2pi2Z2
[
1 +
2
1 + (qa/2)2
]
+ · · · ,
(17)
near Z = 0 for arbitrary values of the scattering length.
Here, the first term in the square brackets coincides with
the 1/qa = 0 result from Eq. (16). Comparing with the
few-particle calculations of Refs. [44–47] that determine
the Wilson coefficients, we can interpret the first term
as a self-energy correction to the initial or final state,
and the remaining term — which depends on the scaling
variable qa — as a final-state vertex correction.
We now make the following very important observa-
tion: in the high-momentum limit qa  1, the term in
Eq. (17) that we recognize as a vertex correction vanishes
near the single-particle peak. The OPE result ,
SOPE(ω,q)→ mC2~2q3
1
2pi2Z2
=
m
~2ξ˜2 q
ξ˜4C2
8pi2Y 2
, (18)
thus coincides with the |Y |  1 limit of the IA as de-
termined by Eq. (11). For large momentum qa 1, the
IA and OPE are therefore complementary scaling func-
tions that describe separate asymptotic high-momentum
regimes. They match smoothly in the regime where
|Y |  1 and, thus, where |Z| = O(1/qξ˜) is small. This
scaling behavior is sketched in Fig. 1. Away from unitar-
ity [i.e., for (qa)−1 = O(1)], the small-energy deviations
are no longer described by the IA, and vertex correc-
tions need to be taken into account. These corrections
due to a finite scattering length have been calculated in
Ref. [47], and we make use of these results in Sec. IV
when discussing the line shift of the single-particle peak
for arbitrary values of qa.
As a second point, we discuss the origin of the sharp
onset of the scaling function JOPE(Z) at Z = −1/2.
This left boundary is of kinematic origin and marks the
minimum energy ~ω that a probe with fixed large wave
number q can impart on two atoms at rest. Note that
the threshold for multiparticle excitations lies below the
position of the single-particle peak, quite different from
what happens in the long-wavelength limit. The behav-
ior of the dynamic structure factor near the two-particle
threshold is dictated by the form of the two-particle T
matrix [44–47]. In the special case of infinite scattering
length (qa)−1 = 0, which is considered in Fig. 3, the
dynamic structure factor at the two-particle threshold
diverges as 1/
√
~ω − εq/2. For finite scattering length,
8in turn, this divergence disappears and the structure
factor vanishes according to the Wigner threshold law√
~ω − εq/2 [47].
Concerning the behavior in the deep inelastic limit
Z  1 far to the right of the single-particle peak, the
OPE scaling function falls off as Z−7/2. This is a special
case of the more general result [44–47, 64]
S(ω,q) =
~3/2q4C2
m5/2pi2ω7/2
[
2
45
+
1
72
(a−1/
√
mω/~)2
(a−1/
√
mω/~)2 + 1
]
(19)
for the high-frequency tail of the dynamic structure at
arbitrary values of the scattering length. The physics
underlying this tail was discussed some time ago by
Wong [48]: it is due to two-particle excitations, which
– at large wave vectors – have energy 2εq. The incoher-
ent part of the dynamic structure factor,
Sinc(ω,q) =
1
(~ω)4
∫
d3k
(2pi)3
δ(~ω − εk − εq−k)
× ∣∣〈k,q− k∣∣[H, [H, ρˆ†q]]∣∣0〉∣∣2, (20)
is calculated by using to leading order in q the double
commutator
[H, [H, ρˆ†q]] =
~2
2m
∫
d(x,y)(q · rˆ)2[rV ′(r)]ρˆ(x)ρˆ(y) + · · · ,
(21)
which can be expressed as a product of two den-
sity operators for any general, spherically symmet-
ric interaction potential V (r). In the particular case
of a zero-range pseudopotential V (r) = 4pi~
2a
m δ(r)
and for a Bose-condensed system, where ρˆk =√
N0(a
†
k + a−k) to leading order, this gives Sinc(ω,q) =
~2q4
32pi2m3ω4
√
mω/~(4pin0a)2 by using free two-particle
states |k,q − k〉 = a†ka†q−k|0〉 [48]. This has the same
form as the exact OPE result in Eq. (19) and — in
particular — it gives the correct q4/ω7/2 scaling with
a contact density C2 → (4pin0a)2. Because of the simple
two-particle ansatz, which neglects all final-state inter-
actions, the result, however, fails to capture both the
correct prefactor and the general expression for the con-
tact density, which is finite even without any condensate.
Remarkably, the high-frequency tail appears consistent
with n-scattering data on 4He at T = 1.2 K and a large
wave vector q = 0.8 A˚−1 in a restricted range of energies
25K < ~ω/kB < 70K [48], despite the fact that the in-
teractions between helium atoms are quite different from
the zero-range interactions present in ultracold gases.
Finally, we briefly comment on the effect of opera-
tors with higher scaling dimension. If three-particle and
higher-order excitations are taken into account, the onset
of the incoherent weight of the dynamic structure factor
shifts to even lower frequencies. As noted by Son and
Thompson [44], there is a cascade of threshold frequen-
cies ~ωn = εq/n above which n-body excitations con-
tribute. Because of their higher scaling dimensions, they
are suppressed at high momentum according to Eq. (13)
compared to excitations involving fewer particles. Never-
theless, n-body excitations dominate the dynamic struc-
ture factor in an energy interval εq/n ≤ ~ω ≤ εq/(n−1).
Specifically, the scaling near the n-body threshold in the
absence of any fine-tuning of the scattering length is given
by (~ω − εq/n)(3n−5)/2, in accordance with the Wigner
threshold law [65]. Moreover, the high-frequency tail to
the right of the single-particle peak decays as a power law
as q4/ω(∆Cn+3)/2, where ∆Cn denotes the scaling dimen-
sion of the n-body contact parameter. The leading term
beyond the contribution from two-particle correlations,
which are described by Eq. (7), involves three particles.
The associated contribution to the dynamic structure fac-
tor is proportional to the so-called three-body contact C3,
which may be defined by the dependence [57]
C3 = −mκ∗
2
∂E
∂κ∗
∣∣∣∣
a−1
(22)
of the energy density E on the three-body parameter κ∗,
which is necessary as a short-distance cutoff to stabilize
a Bose gas with zero-range interactions. Most notably,
the three-body contact sets the magnitude of the sub-
leading correction to the momentum distribution, which
is predicted to decay as [57]
n(k) =
C2
k4
+
C3
k5
F (k) + · · · . (23)
Here, F (k) = A sin(2s0 ln
k
κ∗
+ 2φ) is a log-periodic
function that depends on the value of the three-body
parameter, while s0 = 1.00624, φ = −0.669064, and
A = 89.26260 are universal numerical constants. Near
the three-body threshold, the dynamic structure factor
vanishes like S(ω,q) ∼ (~ω − εq/3)2C3, according to the
Wigner threshold law for n = 3. The Bose gas has a
renormalization group limit cycle in the three-particle
sector, which is caused by the Efimov effect. As a result,
the scaling dimension ∆C3 = 5 + 2is0 has a nonvanishing
imaginary part that is determined by the universal Efi-
mov number s0 [63]. This implies a high-frequency tail
of the form
S(ω,q)→ 2~
3/2
45pi2m5/2
q4C2
ω7/2
+
Aq4C3
ω4
sin(s0 lnω/B) ,
(24)
where A and B are constants.
III. SUM RULES AT LARGE MOMENTUM
TRANSFER
In the previous section, we obtain an expression for the
dynamic structure factor valid at high momentum which
covers the full range of frequencies. As an important
check of our results, in the following we compute various
sum rules for which exact results are known.
9A. Moment sum rules
The moment sum rules are defined as
mp = ~p+1
∫ ∞
−∞
dω ωpS(ω,q). (25)
For p = −1, we obtain the compressibility sum rule. By
the Kramers-Kronig relation, it is related to the static
limit of the dynamic density response function χ(ω =
0,q) [14], which at high momentum can be inferred from
the results presented in Refs. [45, 47]:
m−1 =
1
2
χ(ω = 0,q)
q→∞→ n
εq
+
piC2
8εqq
(
1− 8 + 24pi − 6pi
2
3pi2qa
)
+ · · · , (26)
where corrections arise at O(q−5) and from operators
with higher scaling dimension. This high-momentum
form of the compressibility sum rule is a new result. The
zeroth moment m0 defines the static structure factor,
which at high momentum reads
m0 = nS(q)
q→∞→ n
(
1 +
C2
8nq
[
1− 4
piqa
]
+ · · ·
)
. (27)
It is instructive to compare this exact result with the be-
havior obtained in the Bogoliubov approximation where,
as pointed out above, the single-mode approximation is
exact at arbitrary momenta. As a result, for a weakly
interacting Bose gas, one has S(q) = εq/Eq, with
Eq =
√
εq(εq + 2gn) being the Bogoliubov energy and
g = 4pi~2a/m. For large momenta qξ  1, the static
structure factor thus approaches its trivial limit of unity
like S(q) → 1 − 1/(qξ)2, missing the positive C2/q part.
As we discuss above, Bogoliubov theory does not ac-
count for the positive C2/(4pinr)2 contribution to the
pair -distribution function which gives rise to the leading
C2/(8nq) term in the high-momentum limit of the static
structure factor
S(q) = 1 + n
∫
dr e−iq·r
[
g(2)(r)− 1] . (28)
As we discuss below, this positive contribution, which
becomes appreciable for momenta qa = O(1), gives rise
to a maximum in the static structure factor, providing a
qualitative explanation of the nonmonotonic behavior of
the level shift observed in Ref. [19].
The first moment m1 in Eq. (25) is the f -sum rule,
Eq. (2), which is unaffected by interactions as long as no
velocity-dependent contributions are present. The sec-
ond moment sum rule is sensitive to the total kinetic en-
ergy and is, hence, known as the kinetic sum rule [66, 67].
Because of the high-frequency tail ∼ ω−7/2 we discuss in
Eq. (19), which holds for arbitrary values of the scatter-
ing length, the third and higher moments are no longer
finite.
In order to verify the results for the dynamic structure
factor at large momentum derived in Sec. II in a com-
pletely different manner, we compute in the following
the contributions of the IA and OPE to the moments at
large momentum transfer by splitting the frequency in-
tegration in two regions where either the IA or the OPE
applies:
mp
q→∞→ m(IA)p (η) +m(OPE)p (η) + · · · . (29)
Corrections to this decomposition only appear at smaller
momentum transfer where the asymptotic form of S(ω,q)
is no longer given by the combination of the OPE and IA.
For the first part, m
(IA)
p (η), we restrict the frequency in-
tegration in Eq. (25) to the vicinity of the single-particle
peak εq − η ≤ ~ω ≤ εq + η. Here, the energy scale
η is chosen in such a way that 1/ξ˜q  η/εq  1.
This limit marks the crossover region between IA and
OPE, where the dynamic structure factor is given by
Eq. (16). In the remaining integration region, which de-
fines m
(OPE)
p (η), the OPE result applies. While both
contributions depend explicitly on η, this dependence
cancels when adding both contributions. The individual
contributions m
(IA)
p (η) and m
(OPE)
p (η) could be useful as
restricted sum rules that apply to the Y - and Z-scaling
regime.
The IA contribution is given by
m(IA)p =
1
4pi2
∫ ∞
0
dk k2n(k)
∫ 1
−1
dx
×
(
εq +
~2
m
k · q
)p
Θ
(∣∣∣~2
m
k · q
∣∣∣ ≤ η).
(30)
The angle integration can be performed in closed ana-
lytical form. The remaining momentum integration is
carried out using the high-momentum tail of the momen-
tum distribution n(k) = C2/k4, yet without imposing an
explicit form of the momentum distribution. The result
is
m
(IA)
−1 =
n
εq
− ~
2q
4pi2m
C2
εqη
(31)
m
(IA)
0 = n−
~2q
4pi2m
C2
η
(32)
m
(IA)
1 = nεq −
~2q
4pi2m
εqC2
η
(33)
m
(IA)
2 = nε
2
q +
4εq
3
E − ~
2q
4pi2m
ε2qC2
η
. (34)
Here, E = ∫
k
εk
[
n(k) − C2/k4
]
is the energy density of
the unitary Bose gas [57, 68]. It is important to note
that these expressions are not affected by the presence of
a condensate peak in the momentum distribution. The
result for the moments is, thus, not restricted to the Bose-
condensed phase and holds equally well in the normal
phase.
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The OPE contribution to the sum rules are obtained
by a direct calculation using Eq. (16). We obtain
m
(OPE)
−1 =
piC2
8εqq
+
~2q
4pi2m
C2
εqη
(35)
m
(OPE)
0 =
C2
8q
+
~2q
4pi2m
C2
η
(36)
m
(OPE)
1 =
~2q
4pi2m
εqC2
η
(37)
m
(OPE)
2 =
~2q
4pi2m
ε2qC2
η
. (38)
As expected, the η dependence cancels when summing
the two contributions. The final results are in agreement
with the general results obtained in the previous section.
The result for the second moment at large qa,
m2 = nε
2
q +
4εq
3
E , (39)
is new, however.
B. Borel sum rule
As a generalization of the moment sum rules, Gold-
berger and Rothstein [45] consider a so-called Borel sum
rule with an exponential weight factor defined by
mB =
1
ω20
∫ ∞
0
dω ω e−ω
2/ω20S(ω,q). (40)
In a high-energy context, sum rules of this type are used
to constrain hadronic properties [69, 70], and they have
recently also been used to constrain the spectral function
of a quantum gas [71]. The sum rule contains an arbi-
trary weight parameter ω0 such that the contribution of
the high-frequency part of S(ω,q) to the sum rule be-
comes more dominant with increasing values of ω0. In
particular, the OPE can be used to compute the sum rule
in an expansion in the small parameter εq/(~ω0) [45][72]:
mB =
nεq
(~ω0)2
− nε
3
q
(~ω0)4
− 4ε
2
q
(~ω0)4
E
− 16
√
2~ε2q
135pim1/2Γ(3/4)
C2
(~ω0)7/2
+O
( ε3q
(~ω0)3
)
. (41)
As in the previous section, this result for the sum rule also
follows from the exact asymptotic form of the dynamic
structure factor, and restricted sum rules valid in the
regime of IA and OPE, respectively, can be derived. The
IA contribution to the Borel sum rule is
m
(IA)
B =
nεq
(~ω0)2
− nε
3
q
(~ω0)4
− 4ε
2
qE
(~ω0)4
− ~
2εqq
4pi2mη
C2
(~ω0)2
+
~2ε3qq
4pi2mη
C2
(~ω0)4
+O
(
ε6q
(~ω0)6
,
η
εq
)
.
(42)
The OPE contribution is
m
(OPE)
B =
~2εqq
4pi2mη
C2
(~ω0)2
− ~
2ε3qq
4pi2mη
C2
(~ω0)4
− 16
√
2~ε2q
135pim1/2Γ(3/4)
C2
(~ω0)7/2
+O
(
ε6q
(~ω0)6
,
η
εq
)
.
(43)
The sum of these two contributions gives the full Borel
sum rule (40) in agreement with Eq. (41), free of any η
dependence.
IV. LINE SHIFT
In the experiments by Papp et al. [19], the Feshbach
resonance in 85Rb near B0 = 155 G is used to increase
the scattering length to values up to 103 a0. For a fixed
wave vector of the Bragg pulse, this gives access to the
dynamic structure factor in a regime where qξ is much
larger than one and the momentum transfer q is also of
order of or larger than the inverse scattering length 1/a.
For a fixed wave vector of the Bragg pulse, this gives
access to the dynamic structure factor in a regime where
the momentum transfer q is of order of or larger than the
inverse coherence length 1/ξ, with typical values qξ '
2− 3. The peak position, which at large momentum will
eventually be centered right at the single-particle energy
εq, has a correction due to interactions which defines the
line shift. While Bogoliubov theory predicts a linear line
shift at small scattering length,
∆(~ω) = ~ωq − εq = 4pi~
2an
m
+O
( 1
q2
)
, (44)
the measurement [19] starts off linearly but then shows a
downturn with increasing scattering length once qa ' 1.
In this section, we use the operator product expansion
to compute the line shift at high momentum qξ  1 al-
lowing, however, for arbitrary values of qa. While the
previous sections are concerned with the fine structure
near the single-particle peak at qa → ∞, here, we are
interested in the broad structure of the peak for all qa,
i.e., its position and width. For these quantities, we can
apply the OPE to obtain universal results for line shift
and width that depend on the Tan two-body contact pa-
rameter C2.
We begin by considering the structure of the density
response near the single-particle peak, which takes the
general form
χ(ω,q) = − Zq
~ω − εq −Π(ω,q) + χ
inc(ω,q), (45)
where χinc denotes the incoherent part. The position
of the one-particle peak is defined by the zeros of the
denominator
~ω − εq − Re Π(ω,q) = 0 (46)
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at ω = ωq. The imaginary part at the resonance fre-
quency ωq determines the width Γ of the peak as Γ =
−Im Π(ωq,q). At large momentum, the many-body cor-
rection induced by Π is subleading, and we can determine
the new pole in the on-shell approximation
∆(~ω) = Re Π(εq,q) +O
( 1
εq
)
. (47)
Expanding the density response to leading order in Π,
χ(ω,q) = − Zq
~ω − εq −
ZqΠ(εq,q)
(~ω − εq)2 + · · · , (48)
we infer the high-momentum structure of Zq and Π by
comparing with the results of the operator product ex-
pansion [45, 47]. This gives to leading order Zq = n
and
Π(εq,q) =
[
1
2pia2
1
a−1 + iq/2
− iq
8pi
− 1
4pia
]
~2C2
mn
. (49)
This is one of the central results of this paper. The real
part of Π gives the line shift at large momentum transfer:
∆(~ω) q→∞→ ~
2C2
4piman
[
2
1 + (qa/2)2
− 1
]
. (50)
In addition, the imaginary part of Eq. (49) sets the width
of the peak:
Γ
q→∞→ ~
2C2q
8pimn
[
2
1 + (qa/2)2
+ 1
]
. (51)
For weakly interacting gases with n1/3a  1, inserting
the associated value C2 = (4pina)2 of the contact density
in Eq. (50) reproduces the Bogoliubov result [Eq. (44)] at
small a. As a is increased, the prediction [Eq. (50)] devi-
ates from Bogoliubov theory: it approaches a maximum
at qa ∼ 1, then bends backwards, and even changes its
sign at large scattering length. Note that if the system is
probed at wavelengths that are small compared to the in-
terparticle distance q  n1/3, the maximum may occur
well in the perturbative region (because n1/3a  qa).
At very large scattering length qa → ∞, the line shift
approaches zero from negative values as
lim
a→∞∆(~ω)
q→∞→ − ~
2C2
4piman
. (52)
Figure 4 shows the comparison of the OPE predic-
tion [Eq. (50)] (continuous red line) with the experimen-
tal results [19]. In our fit, we use the leading-order per-
turbative expression C2 = (4pian)2 for the contact param-
eter, since it turns out that for the scattering lengths in
the experiment [19], where
√
na3 ∼ O(2−3), Lee-Huang-
Yang and higher corrections to the contact are still rather
small. For both fits, we fit an effective trap density n and
wavelength λ of the Bragg beam (where q = 4pi/λ). Ap-
parently, the theory predictions in Fig. 4 are in excellent
FIG. 4. Line shift of a repulsive Bose gas as a function of
scattering length a. The line shift [Eq. (50)] predicted by the
operator product expansion is indicated by a red continuous
line. For comparison, we include the line shift [Eq. (53)] as
predicted from the single-mode ansatz (blue dashed line). In-
set: OPE prediction [Eq. (51)] for the width of the Bragg
peak. The black points are the experimental results by Papp
et al. [19].
agreement with the experimental data points. Several
caveats, however, apply to this comparison: (a) the ex-
periment [19] probes the dynamic structure factor with
qξ ' 2 while our results here assume qξ  1; (b) we do
not account for effects of a trap and perform a fit of the
homogeneous result [Eq. (50)] with variable density and
Bragg wavelength [73]. While the densities are in good
agreement with the values quoted in Ref. [19], the fitted
Bragg wavelength is too small by a factor of almost 2
compared to λ = 780 nm in [19]. Current experiments
with 39K in box potentials, in fact, essentially eliminate
trap effects and allow for a direct comparison of the line
shift with the universal result [Eq. (50)] in a wide regime
up to values qa ' 8 [74].
An often-used tool to estimate the collective mode fre-
quencies of a quantum gas is the single-mode approxi-
mation [14]. It imposes the simple form SSM(ω,q) =
Zqδ(~ω − ~ωq) discussed in the Introduction for arbi-
trary large values of the wave vector q. The single-mode
position ~ωq is then fixed by the ratio of two consec-
utive sum rules, such as m1/m0, m2/m1, or m0/m−1,
which should all agree. In particular, assuming that the
resonance peak in the dynamic structure factor is below
the onset of an additional incoherent spectral weight, the
single-mode approximation yields an upper bound on the
true resonance position. Based on our exact results in
Eqs. (2), (26), (27), and (39) for the sum rules at high
momentum, the standard choice of the ratio m1/m0, for
example, gives
~ωSMq =
m1
m0
= εq − ~
2C2q
16mn
[
1− 4
piqa
]
+ · · · . (53)
We show the fit based on this form of the single-mode ap-
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proximation as a blue dashed line in Fig. 4. Apparently,
despite the fact that the underlying assumptions are not
consistent with the exact results on the detailed spectrum
obtained above, Eq. (53) agrees with (50) to leading or-
der in qa  1. Moreover, it predicts a zero crossing
of the line shift at q¯a = 4/pi, which is of the same or-
der as the prediction that ∆ ≡ 0 at q¯a = 2, which follows
from the exact expression Eq. (50). It should be stressed,
however, that the single-mode result [Eq. (53)] is larger
than the exact result [Eq. (50)] for all qa and, there-
fore, does not provide an upper bound. In addition, the
agreement with Bogoliubov mean-field theory is specific
to the ratio m1/m0, while for m0/m−1 this is no longer
the case. Most importantly, the single-mode approxima-
tion does not account for a finite width of the peak, in
stark contrast with the experimental results, which ob-
serve a substantial broadening of the Bragg peak with
increasing values of the scattering length.
The significance of the result [Eq. (50)] for the line shift
becomes clear when seen as a function of momentum: it
predicts a negative line shift at large momentum, which
changes sign and becomes positive as the momentum is
lowered beyond a critical value q¯a = 2. If such a behavior
persisted to a region where Eq. (50) is comparable to the
single-particle energy εq, the dispersion would no longer
be monotonic but show a minimum at finite momentum,
similar as for the roton in 4He. As we discuss in the In-
troduction, the Feynman single-mode ansatz [22] – which
predicts that the position ωq of the peak in the dynamic
structure factor is related to the static structure factor
S(q) by ~ωq = εq/S(q) – links the roton minimum to
the nearest-neighbor pair correlations: in a quantum liq-
uid, where the interparticle distance is comparable to the
range r0 of the interatomic interaction, nr
3
0 ≈ 1, correla-
tions over the size r0 lead to a sharp peak in S(q) which
causes a roton minimum in the single-particle dispersion.
In a dilute quantum gas where nr30  1, such a minimum
is absent unless one considers in addition a strong dipolar
contribution to the interaction [75–77]. Even for the case
of zero-range interactions we consider here, however, a
broad maximum is present in the high-momentum form
of the static structure factor [Eq. (27)] near the wave vec-
tor q¯a = 2 where the level shift changes sign. It appears
at q¯a = 8/pi ≈ 2.54 (or q¯ξ ≈ 0.51/
√
na3) and its value is
[78]
S(q¯) = 1 +
piaC2
128n
. (54)
Quite generally, the maximum in the static structure fac-
tor of both strongly interacting Fermi and Bose gases in
three dimensions is seen in full calculations with a posi-
tion that is set by the interparticle distance [53, 79, 80].
The presence of a maximum in the level shift [Eq. (50)]
can thus be interpreted as a roton precursor in a dilute
but strongly interacting quantum gas. It is interesting to
contrast this with the behavior found for Bose gases in
one dimension, where even in the limit of infinite zero-
range repulsion — the well-known Tonks-Girardeau (TG)
limit — the static structure factor never exceeds unity. In
fact, STG(q) increases linearly from zero to unity, which
is reached at q = 2kF , with STG(q) ≡ 1 for all q ≥ 2kF .
Quite remarkably, the line shift at high- momen-
tum [Eq. (50)] in the low-density limit na3  1 agrees
with an old result by Beliaev [49], who presents a calcu-
lation of the boson Green’s function, the poles of which
coincide with the resonances of the dynamic structure
factor in the symmetry-broken phase [11]. Beliaev de-
rives an expression for the single-particle energy in terms
of the two-particle scattering amplitude f(q/2,−q/2).
The high-momentum limit of his expression reads [49]
~ωq
q→∞→ εq + Re
[
2f
(q
2
,−q
2
)
− f(0,0)
]
. (55)
Using the expression for the two-body scattering ampli-
tude, f(q,−q) = 4pi~2nm−1/(a−1 + iq), this is in agree-
ment with our result in Eq. (50) in the weak interaction
limit, where C2 = (4pina)2. Our work thus generalizes
Beliaev’s result to arbitrary scattering lengths. In fact,
our result is universal in that it does not depend on tem-
perature or even the thermodynamic phase of the gas.
Quite generally, Eq. (50) separates a functional depen-
dence on momentum, which is essentially determined by
few-body physics, from the probability density to find
two bosons in close proximity, which is parametrized by
the contact parameter C2.
V. DYNAMIC STRUCTURE FACTOR OF BOSE
GASES BEYOND BOGOLIUBOV
The aim of this section is to construct a simple many-
body theory for the dynamic structure factor of an in-
teracting Bose gas that is consistent with the exact high-
momentum form provided by the combination of IA and
OPE discussed in Sec. II, and which provides an accu-
rate description of the dynamic structure factor for all
probe energies and wavelengths. It turns out that a sim-
ple one-loop approximation to the density response is not
accurate even for a weakly interacting Bose gas, and, in
particular, does not capture the OPE scaling behavior,
which is linked to the breakdown of Bogoliubov theory
at high momenta (which we already encountered when
discussing the line shift). We show that this shortcoming
of the one-loop approximation is corrected by including a
Maki-Thompson-type correction, which describes the re-
peated scattering of two bosons in the high-momentum
limit.
A. Density and current response
We choose the current response function as a starting
point and define the density response in terms of the
longitudinal current response function
Imχ(ω,q) =
q2
ω2
ImχLjj , (56)
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+Gnn(ω,q) =
ω,q
FIG. 5. Many-body T matrix approximation to the current
response function. Continuous lines denote the Bogoliubov
propagator, the square box the many-body T matrix defined
in Appendix B and Fig. 11, and filled circles the density op-
erator that inserts a frequency ω and a wave vector q. The
first diagram denotes the one-loop Bogoliubov approximation
of Eqs. (59) and (60). The second diagram denotes the T
matrix insertion and is given by Eq. (65).
where the current response is defined as
χij(iωn,q) =
1
~V
∫ ~β
0
dτ eiωnτ 〈Tτ jˆiq(τ)jˆi−q〉
=
qiqj
q2
χLjj(iωn,q) +
(
δij − qiqj
q2
)
χTjj(iωn,q), (57)
which we decompose in the second line into a scalar lon-
gitudinal and transverse part. The simplest approxima-
tion to the multiphonon part of the current response is
the one-loop diagram in Fig. 5, which dates back to work
by Fetter [81] and Talbot and Griffin [82]. In Fig. 5, the
line denotes the Bogoliubov propagator defined as (for
all details of the field theory in the condensed phase, see
Appendix B)
G(iωn,q) =
(
G11 G21
G12 G22
)
=
i~ωnσ3 + (εq + gn0)− gn0σ1
(i~ωn)2 − E2k
, (58)
where Eq =
√
εq(εq + 2gn0) and σ are the Pauli matri-
ces. The one-loop diagram in Fig. 5 contains two sepa-
rate contributions that involve either the normal or the
anomalous propagators,
χL,ajj
=
1
βV
∑
iΩn,k
F 2k,qG11(iΩn + iωn,k+ q)G11(iΩn,k)
+ (ωn → −ωn)
=
1
V
∑
k
F 2k,q
{[
u21u
2
2R1(iωn) + v
2
1v
2
2R1(−iωn)
]
− [u21v22R2(iωn) + v21u22R2(−iωn)]}+ (ωn → −ωn),
(59)
and
χL,bjj
= − 1
βV
∑
iΩn,k
F 2k,qG21(iΩn + iωn,k+ q)G12(iΩn,k)
ω,q
(a)
+
ω,q
(b)
ω,q
(c)
FIG. 6. (a) Elementary process where two particles with
large and opposite momentum are expelled from the conden-
sate and couple to the density probe. The continuous lines
are free-particle propagators. (b) Diagrams corresponding to
the free-particle high-momentum limit of the one-loop Bo-
goliubov diagram in Fig. 5. (c) Diagram that describes the
high-momentum limit of the diagram with T matrix insertion
in Fig. 5.
+ (iωn → −iωn)
= − 2
V
∑
k
F 2k,q
{
u1u2v1v2
[
R1(iωn) +R1(−iωn)
−R2(iωn)−R2(−iωn)
]}
, (60)
where we abbreviate u1 = uk+q, u2 = uk, v1 = vk+q,
and v2 = vk with the Bogoliubov coherence factors
u2q =
εq + gn0
2Eq
+
1
2
, v2q =
εq + gn0
2Eq
− 1
2
, (61)
define the current matrix element Fk,q =
~
2m (2k · qˆ+ q)
(qˆ is the unit vector in the direction of q), and introduce
R1(iωn) =
f(Ek+q)− f(Ek)
i~ωn − (Ek+q − Ek) (62)
R2(iωn) =
1 + f(Ek+q) + f(Ek)
i~ωn − (Ek+q + Ek) . (63)
At zero temperature, only the second term R2 is nonzero.
Let us discuss the response function in the limit of
large momentum transfer ~q, where the scattered atom
behaves as a free particle; i.e., Ek+q ≈ εk+q. In line with
the discussion in Sec. II and Fig. 2, there are two distinct
regimes depending on the initial-state atom: first, its en-
ergy can be much smaller than the final state energy,
Ek  εk+q, and second, it can be of comparable magni-
tude; i.e., the Bragg pulse scatters off a pair of atoms with
large momentum. In the first (quasifree) case, we neglect
the contribution of Eq. (60) to the current response as
a free particle does not have an off-diagonal propagator
component. Equation (59) simplifies as follows: we set
u1 = 1 and v1 = 0 and expand F (k,q) = ~q/2m. In
Eqs. (62) and (63), we neglect the contribution f(εk+q),
and the denominator in both equations is approximately
i~ωn − (εk+q − εk). The remaining expression contains
only the Bogoliubov expression for the incoherent part of
the momentum distribution, n(k) = v2k + (u
2
k +v
2
k)f(εk).
Substituting the results in Eq. (56) and using ~ω ≈ εq,
we immediately arrive at the impulse approximation of
Eq. (3) with the Bogoliubov momentum distribution.
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FIG. 7. Density plot of the dynamic structure factor as pre-
dicted by the T matrix approximation of Sec. V. The response
starts above a two-phonon threshold ~ω = 2Eq/2 indicated by
the white continuous line. The position of the coherent Bo-
goliubov peak at ~ω = Eq is shown by a white dashed line.
The dynamic structure factor at zero temperature can
then be computed analytically, and we obtain for the
scaling function JIA defined in Eq. (5)
J
(Bog)
IA (Y ) =
1
16pi2
(1 + Y 2 − |Y |
√
2 + Y 2) (64)
with the scaling variable Y = mξ(~ω − εq)/~2q. The
large-Y tail agrees with the exact result of Eq. (11),
where here C2 = 1/(4ξ4). Likewise, the small-|Y | cusp
agrees with the exact result [Eq. (10)], where we use
ξ = ~/
√
2mcs in Bogoliubov theory.
In the second limit in which both initial and final states
behave as a free particle, Ek ≈ εk and Ek+q ≈ εk+q (the
multiparticle regime), the leading-order asymptotic is ob-
tained by expanding the coherence factors in Eqs. (59)
and (60) as up = 1 and vp = gn0/2εp. Terms involving
f(εp) are exponentially suppressed and can be dropped.
Without writing the explicit result, we note that this re-
sponse corresponds to a process where two particles with
large and opposite momentum are emitted from the con-
densate, one of which couples to the Bragg beam. This
process is shown in Fig. 6(a), with Fig. 6(b) showing the
contributions to the current response, where the lines are
propagators of free particles with parabolic dispersion.
The coupling to the condensate arises as a self-energy
correction to the free-particle lines.
It is immediately clear that this one-loop description
of the free-particle limit must be incomplete, because it
neglects the interaction between the initial and the final
states. They are accounted for by including the many-
body T matrix in the current response, as depicted by
the second diagram in Fig. 5. A definition and explicit
expression for the T matrix is given in Appendix B. For-
mally, the correction corresponds to a Maki-Thompson
correction on the Bogoliubov level. The explicit form
χL,MTjj can be written as a matrix bilinear:
χL,MTjj = f
TT f , (65)
where the T matrix is defined in Appendix B and
f =
2
βV
∑
iΩn,k
Fk,q
(
G12(iΩn + iωn,k+ q)G22(iΩn,k)
G22(iΩn + iωn,k+ q)G21(iΩn,k)
)
.
(66)
Here, we define
f1(iωn,q)
=
2
V
∑
k
Fk,q
{
−u1v1
[
v22R1(iωn) + u
2
2R1(−iωn)
]
+ u1v1
[
u22R2(iωn) + v
2
2R2(−iωn)
]}
. (67)
while f1(iωn,q) = −f∗2 (iωn,q). Using the explicit form
of the T matrix, we obtain two additional contributions
to the current response function:
χL,MT,ajj =
1
8pi~2a −Π∗d
( m8pi~2a −Π∗d)( m8pi~2a −Πd)−Π2c
f1(iωn)
2
+ (iωn → −iωn) (68)
and
χL,MT,bjj = −
Πc
( m8pi~2a −Π∗d)( m8pi~2a −Πd)−Π2c
× f1(iωn)f1(−iωn) + (iωn → −iωn), (69)
where
Πc(iωn,q) =
1
V
∑
k
{
u1u2v1v2
[
R1(iωn) +R1(−iωn)
−R2(iωn)−R2(−iωn)
]}
(70)
and
Πd(iωn,q) =
1
V
∑
k
{[
u21v
2
2R1(iωn) + v
2
1u
2
2R1(−iωn)
]
− [u21u22R2(iωn) + v21v22R2(−iωn)]− 12εk
}
. (71)
To return to the high-momentum limit, we see that the
T matrix correction does not contribute to the IA re-
sult since f in Eq. (66) involves an off-diagonal propaga-
tor. The free-particle limit, however, receives a correction
which corresponds to the diagram shown in Fig. 6(c).
Before concluding this section, note that we do not
take into account self-energy corrections to the Bogoli-
ubov propagators, which would require a renormalization
of the chemical potential, as discussed in Refs. [83, 84].
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FIG. 8. Dynamic structure factor as a function of frequency for increasing momentum qξ = 5, 10, 15, 20, 30, and 50 [(a)-(f)]
(continuous blue lines). The plots clearly show the crossover to the universal scaling form predicted by the OPE (dashed green
lines) at high momentum, shown in full in Fig. 3. Near the one-particle peak, the dynamic structure factor is described accurately
by the impulse approximation (red dot-dashed line). The vertical arrows (not to scale) indicate the position of the condensate
delta peak on top of the incoherent background, which here is centered at the Bogoliubov energy Eq =
√
εq(εq + 2gn).
As discussed in Ref. [47], such self-energy corrections con-
tribute to the asymptotic response as well (they corre-
spond to processes where two particles are emitted from
the condensate and scatter before they couple to the
probe). These corrections, however, are subleading in
q [i.e., they are suppressed as O(1/qa)] [47] and provide
corrections to the asymptotic result in Eq. (16). We do
not include them here.
B. Results
In the following, we present the results of our T matrix
approximation to the dynamic structure factor, restrict-
ing our attention to the zero-temperature case and a ξ
for simplicity, where the coherence length ξ = ~/
√
2mgn
sets the unit of wave number. We perform the integra-
tions in Eqs. (59), (60), (67), (70), and (71) numerically
using the cuba library [85]. These one-loop results are
then used to obtain the dynamic structure factor as de-
scribed in Sec. V A. Figure 7 shows the result for the
dynamic structure factor as a function of wave number
and frequency. The position of the single-particle peak
lies at ~ω = Eq shown as a white dashed line. As is
apparent from the figure, the threshold for multiphonon
excitations lies at ~ω = 2Eq/2, indicated by a white solid
line. The incoherent spectral weight is due to excitations
of two and more particles. For a density probe with en-
ergy ~ω and wave vector q, the minimum threshold en-
ergy to create two excitations with dispersion Eq (where
Eq is a convex function of momentum) is ~ω = 2Eq/2.
At small wave vectors q, this threshold energy coincides
with the Bogoliubov mode, whereas at large wave vector,
it lies below the single-particle energy at ~ω = εq/2. The
incoherent spectral weight is strongly concentrated near
the two-particle threshold, even for momenta larger than
ξ−1 where the single-particle spectrum deviates from the
linear-in-q Bogoliubov form. Consistent with the general
arguments by Feynman [22] as well as Miller, Pines, and
Nozie`res [24], the incoherent spectral weight decreases
rapidly at small wave vector. At high momentum, the
integrated weight gives the density of the noncondensed
atoms [8].
Figure 8 shows the dynamic structure factor as a
function of ~ω/εq for six different momenta qξ =
5, 10, 15, 20, 30, and 50 [Figs. 8(a)–(f), respectively] as
blue continuous lines. The OPE scaling form of Eq. (16)
and Fig. 3 is shown in Fig. 8 as a green dashed line. From
Fig. 8, it can be seen very clearly that at high momen-
tum the dynamic structure factor converges to the OPE
result. The full numerical solution is seen to match the
scaling prediction very accurately away from the single-
particle peak, and the region near ~εq where the theories
differ shrinks with increasing momentum. We also com-
pare the results of Fig. 8 to the IA computed in Eq. (64)
(red dot-dashed line). The IA describes the dynamic
structure factor near the single-particle peak very accu-
rately. As the momentum in increased, it is apparent
from Fig. 8 that the IA scaling crosses over to the OPE
scaling form. This calculation illustrates how the asymp-
totic scaling emerges in the Bose gas.
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FIG. 9. (a) Impulse approximation Y -scaling function JIA for the nondegenerate Bose gas at unitarity and T/Tn = 2. The
continuous red, orange, and green lines show the scaling function for three different values of the three-body parameter
κ∗/kn = 3, 5, and 10. For comparison, we include the impulse approximation for the noninteracting gas at the same temperature.
(b) The impulse approximation shows heavy tails for large Y which are in good agreement with the leading-order two-body
Tan relation and a subleading three-body correction. (c) The three-body tail is indicated by black dotted lines.
VI. Y SCALING OF THE NONDEGENERATE
BOSE GAS
The IA scaling function JIA(Y ), Eq. (6), depends only
on the momentum distribution. On the one hand, this
opens the possibility to probe the momentum distribu-
tion through measurements of the dynamic structure fac-
tor. On the other hand, calculations of the momentum
distribution can be used to compute the scaling form of
the dynamic structure factor [as was done in Eq. (64) on
the Bogoliubov level]. In this section, we compute the
scaling function in the nondegenerate regime, for which
accurate calculations of the momentum distribution were
performed in Ref. [50].
In the nondegenerate limit, where the interparticle
spacing is much larger than the thermal wavelength
λT = ~
√
2pi/mT , i.e., nλ3T  1, the fugacity z = eβµ
is small, thus providing a systematic expansion parame-
ter. Reference [50] computes the momentum distribution
up to third order in z:
n(k) = zn1(k) + z
2n2(k) + z
3n3(k) +O(z4). (72)
The first term, n1(k), is the Boltzmann distribution
of a noninteracting gas. The second and third terms,
n2(k) and n3(k), respectively, take into account two-
body correlations and three-body correlations exactly.
Three-body correlations are manifest through the de-
pendence on the three-body parameter κ∗, a wave vec-
tor that sets the energy of the lowest Efimov trimer
ET = ~2κ2∗/2m [86] and that depends in an approxi-
mately universal way on the van der Waals length `vdW
as κ∗ ∼ 0.2/`vdW [35, 36]. Typical values for 85Rb are,
for example, κ∗ = 30µm−1 [87], lvdW = 160a0 [88], and
n = 5 × 1012cm−1 [39], implying kn`vdW ∼ 10−2 (as is
expected for a dilute system [31]) and κ∗/kn ∼ 5 − 10.
We use the results for the momentum distribution pre-
sented in Ref. [50] in Eq. (6) to compute the scaling
function JIA(Y ) as a function of the scaling parame-
ter Y = mλT (~ω − εq)/~2q (note that the character-
istic length scale is set by the thermal wavelength λT in
the nondegenerate gas). The results of this calculation
are shown in Fig. 9 at fixed temperature T/Tn = 2 for
three values of the three-body parameter κ∗/kn = 3, 5,
and 10 (continuous lines), where kn = (6pi
2n)1/3 and
Tn = ~2k2n/2m. For comparison, we include the noninter-
acting result as a dash-dotted line. Figure 9(b) shows the
scaling function multiplied by Y 2 to extract the power-
law tail of the distribution, Eq. (11). The magnitude of
the tail given by C2/2 is shown by dashed lines with a
numerically computed two-body contact parameter [50].
It turns out that there exists an analytical expression for
the subleading scaling of a Bose gas as well: using the
subleading asymptotic behavior of the momentum distri-
bution [Eq. (23)], we obtain a large-Y tail of
JIA(Y ) =
λ4TC2
8pi2Y 2
+
λ5TAC3
4pi2(9 + 4s20)|Y |3
[
2s0 cos
(
2φ+ 2s0 ln
|Y |
κ∗λT
)
+ 3 sin
(
2φ+ 2s0 ln
|Y |
κ∗λT
)]
. (73)
This subleading correction to the tail is apparent in
Fig. 9(c), and we include it as a black dotted line. It
is noticeable that the onset of the three-body correction
lies already at moderate Y -parameter values. A measure-
ment of the scaling function could thus be a reliable way
to detect three-body physics.
VII. APPLICATION TO FERMI GASES
Much of the discussion of the previous sections car-
ries over directly to strongly interacting two-component
Fermi gases with minor modifications. This is partic-
ularly interesting as the dynamic structure factor of
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strongly interacting Fermi gases has been measured in
several experiments [20], and, in particular, the high-
momentum structure has been measured in some de-
tail [89, 90]. This section lists the changes that arise
when extending our results to the Fermi gas case. The
form of the OPE near the single-particle peak is
lim
Z→0
JOPE(Z) =
1
pi2Z2
[
1 +
2
1 + (qa/2)2
]
+ · · · . (74)
While the coefficient is different by a factor of 2 from the
Bose gas result in Eq. (17), the general picture remains
unchanged: the IA describes small deviations from the
single-particle peak, and the OPE describes large devia-
tions. It would be interesting if the crossover between IA
and OPE could be detected by measuring the dynamic
structure factor as in Ref. [89, 90] for several large mo-
menta.
As for the partial sum rules, the IA results are un-
changed, where we have to keep in mind that the density
now refers to the total density of both spin components,
for which the high-momentum tail is n(k) = 2C2/k4. The
OPE contribution is
m
(OPE)
−1 =
piC2
4εqq
+
~2q
2pi2m
C2
εqη
(75)
m
(OPE)
0 =
C2
4q
+
~2q
2pi2m
C2
η
(76)
m
(OPE)
1 =
~2q
2pi2m
εqC2
η
(77)
m
(OPE)
2 =
~2q
2pi2m
ε2qC2
η
. (78)
The result for the line shift reads
~ω = εq +
~2C2
2piman
[
2
1 + (qa/2)2
− 1
]
. (79)
Finally, we use the results of Ref. [50] to present the Y -
scaling function in the impulse approximation at high
temperature, which is shown in Fig. 10. Results for the
interacting Fermi gas at temperature T/TF = 1.5 are
shown by a red continuous line. For comparison, we in-
clude the result for the noninteracting gas at the same
temperature as a blue dashed line. The Y 2 tail is directly
evident in Fig. 10(b). A log-periodic correction as for the
Bose gas is not present as the mass-balanced Fermi gas
does not show the Efimov effect.
VIII. SUMMARY AND CONCLUSIONS
In summary, we discuss the dynamic structure factor of
a strongly interacting quantum gas in the deep inelastic
regime of large momentum transfer. As the main result
of our work, we establish that the high-momentum struc-
ture near the single-particle peak is governed by two sep-
arate scaling regimes: small-energy deviations from the
(a)
(b)
FIG. 10. (a) Impulse approximation Y -scaling function JIA
for the nondegenerate Fermi gas at unitarity. The red line de-
notes the scaling function of the interacting gas with T/TF =
1.5. For comparison, we include the scaling function of a non-
interacting Fermi gas with the same density. (b) The power-
law 1/Y 2 tail Eq. (11) of the interacting gas. The dashed red
line marks the asymptotic behavior with λ4T C2 = 14.045.
single-particle peak [where ~ω−εq ∼ O(q)] are described
by the impulse approximation, whereas large-energy de-
viations [where ~ω − εq ∼ O(q2)] are described by the
operator product expansion. This provides a complete
description of the high-momentum structure factor at all
frequencies. As an important consistency check, we com-
pute the four highest moment sum rules as well as a
Borel sum rule directly from the asymptotic form and
provide restricted sum rules that apply to the IA and
the OPE regime. Furthermore, we employ the OPE to
compute the interaction correction to the position of the
single-particle peak in the dynamic structure factor in
the high-momentum limit, which naturally indicates a
backbending from positive to negative values as the scat-
tering length is increased. These exact results, which
depend on only the two-body contact as a nonperturba-
tive parameter, provide a qualitative explanation of the
experiments performed at JILA in 2008 [19]. Moreover,
they also pave the way for a more detailed analysis of on-
going measurements of Bragg spectra at high momenta
for strongly interacting Bose gases in box potentials.
In the second part of the paper, we give a simple T ma-
trix approximation to the dynamic structure factor. This
approximation is exact for a weakly interacting Bose gas,
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but we expect it to be accurate even for large scattering
lengths. In particular, our calculation illustrates how the
structure factor probes the unitary limit for large mo-
mentum (where qa  1), even if the gas itself is weakly
interacting (i.e., na3  1). This regime cannot be cap-
tured by a simple one-loop calculation even for the weakly
interacting gas, but requires a T matrix correction in the
form of a Maki-Thompson diagram. At low momentum,
the single-particle peak in the dynamic structure factor
coincides with the onset of the multiparticle incoherent
spectral weight, while at high momentum, the single-
particle peak lies in the continuum. Drawing on previous
results for the momentum distribution of the Bose gas
in the nondegenerate regime, we present results for the
IA scaling function at unitarity, which shows a strong
dependence on the three-body parameter and could thus
be a sensitive probe of three-body physics. The results
on the high-momentum scaling are not restricted to Bose
gases and can be easily generalized to Fermi gases.
Viewed from a more general perspective, our work pro-
vides a solution of the long-standing problem of treating
final-state interactions beyond the impulse approxima-
tion. For the special case of ultracold gases with zero-
range interactions, we show that the operator product
expansion allows a systematic disentangling of two-body,
three-body, and higher-order contributions to deal with
multiparticle effects where a large momentum is trans-
ferred to an increasing number of particles. From a
technical point of view, our method is analogous to that
used in high-energy physics, where QCD interaction ef-
fects beyond the parton model may be included by a
short-distance expansion of the current-current correla-
tors which determine the scattering cross sections. Meth-
ods developed in this context can thus be applied success-
fully in ultracold gases, at energy scales many orders of
magnitude below that of high-energy physics.
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Appendix A: Operator-product expansion
Here, we summarize some details of the operator-
product expansion. We restrict our attention to terms
in the density response OPE that contribute to the sin-
gularity near the single-particle resonance, the results of
which are quoted in Eqs. (15), (17), and (49). A detailed
discussion of the density response OPE can be found in
Refs. [44–47].
The leading-order OPE terms are formed of opera-
tors with lowest scaling dimension. The only important
operators here are the boson creation and annihilation
operators φˆ† and φˆ with scaling dimension ∆φ = 3/2,
the density operator with ∆n = 3, the operator Oˆt =
φˆ†(i~∂t+ ~
2∇2
2m )φˆ with ∆t = 5, and the two-body contact
operator Oˆc, which in explicit form reads for a zero-range
interaction with strength g
Oˆc =
(
mg
~2
)2
φˆ2†φˆ2, (A1)
where g is related to the scattering length via
1
g
=
m
4pi~2a
− 1
V
∑
k
1
2εk
. (A2)
The expectation value C2 = 〈Oˆc〉 appears in the in-
teraction energy density, which is ill-defined for zero-
range interactions, giving rise to an anomalous dimension
∆C2 = 4.
Since the Wilson coefficients do not depend on the
state, they are determined by computing the operator
expectation values in Eq. (12) between one- and two-
particle states and by matching the result. For the one-
particle state with energy p0 and momentum p, this reads
pictographically as
ω,q
p0,p
+ (ω,q→ −ω,−q)
=
∑
`
W`(ω,q)× , (A3)
where the vertex connected to the wavy line denotes the
density insertion, the continuous line is the free-particle
propagator at zero temperature G0(k0,k) = i/(k0− εk +
i0), and the box is the insertion of a bilinear operator
such as Oˆn or Oˆt. The left-hand side is equal to iG0(p0 +
ω,p+q)+iG0(p0−ω,p−q). Expanding in p0 and p and
matching with one-body expectation values of bilinear
operators, we obtain Wn(ω,q) = iG0(ω,q) + (ω → −ω),
cf. Eq. (15), and Wt(ω,q) = −G20(ω,q).
To obtain the Wilson coefficient of the contact op-
erator, it is sufficient to match matrix elements for a
two-particle state with zero external energy and mo-
mentum. The matrix element of the contact opera-
tor is 〈2p|Oˆc|2p〉 =
(
m
~2
)2A with A = T2(0,0), where
T2(ω,q) = −8pi~2/m(a−1 + i
√
mω/~− q2/4). There are
only two terms that contribute to the divergence near the
single-particle peak. First, we have (the box denotes a T
matrix insertion iT2)
W (1)c (ω,q) =
(
~2
m
)2
1
A2 ×
ω,q
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~ω→εq→ − ~
2
2pima2
1
a−1 + iq/2
1
(~ω − εq)2 . (A4)
This term is singular because of the two Green’s func-
tions connecting the operator insertions and the scatter-
ing matrix and, can be interpreted as a vertex correction.
In addition, there is a self-energy correction:
W (2)c (ω,q) =
(
~2
m
)2
1
A2 ×
ω,q
~ω→εq→ i ~
2q
8pim
1
(~ω − εq)2 . (A5)
There is a third contribution since we need to subtract
the contribution of bilinear operators from the Wilson
coefficient. This enters in two ways: first, through the
expectation value of the bilinear insertion in the two-
particle state (a divergent term), and, second, since the
operator 〈Oˆt〉 =
(~2
m
)2 1
g 〈Oˆc〉 by the equation of motion
for thermodynamic states, the bilinear operator Oˆt will
contribute to the full Wilson coefficients. Taken together,
they contribute a finite term
W (3)c (ω,q)
= Wt(ω,q)
(
~2
m
)2[
1
g
− 1A2 ×
]
~ω→εq→ ~
2
4pima
1
(~ω − εq)2 . (A6)
The sum of the three contributions gives Eqs. (17)
and (49). For fermions, all symmetry factors work out in
such a way that all coefficients are multiplied by a factor
of 2. For the full OPE beyond the single-particle peak,
we refer the reader to Refs. [44–47]. Note that while for
the IA, final-state corrections of order O(1/qa) are hard
to compute, they are readily included in the OPE, essen-
tially because the scattering between bosons with large
momentum is the same as for free particles.
Appendix B: Field theory of Bose-Einstein
condensates
Here, we discuss the field theory of a Bose-Einstein
condensate and define the many-body T matrix. The
partition function of the Bose gas in terms of the coherent
state path integral is given by
Z =
∫
D[φ, φ∗] e−S/~, (B1)
where the imaginary time action reads
S =
∫ ~β
0
dτ
∫
dr
{
φ∗
(
~∂τ − ~
2∇2
2m
− µ
)
φ+
g
2
|φ|4
}
.
(B2)
The field φ has length dimension L−3/2 and the coupling
g has dimension ~2L/m. As usual, we define the Fourier
transform as
f(τ,x) =
1
βV
∑
iωn,k
e−iωnτ+ik·x f(iωn,k),
f(iωn,k) =
1
~
∫ ~β
0
dτ
∫
dx eiωnτ−ik·x f(τ,x), (B3)
except for the field φ(x), which is expanded in a plane-
wave basis as
φ(τ,x) =
1
~β
√
V
∑
iωn,k
e−iωnτ+ik·xφ(iωn,k),
φ(iωn,k) =
1√
V
∫ ~β
0
dτ
∫
dx eiωnτ−ik·xφ(x). (B4)
In the Bogoliubov approximation, we separate the con-
densate mode as
φ(τ,x) = φ0 + ϕ(τ,x) (B5)
φ∗(τ,x) = φ0 + ϕ∗(τ,x), (B6)
where φ0 solves the Gross-Pitaevskii equation, which
for a homogeneous condensate implies φ0 =
√
n0 and
µ = gn0 (we set the phase of φ0 to zero). The ac-
tion [Eq. (B2)] can then be written as a quadratic term S2
in ϕ and an interaction term Sint, which collects higher
powers of ϕ:
S = S2 + Sint, (B7)
with
S2 =
1
2~β
∑
iωn,k
(
ϕ∗(iωn,k) ϕ(−iωn,−k)
)
×
(−i~ωn + εk + gn0 gn0
gn0 i~ωn + εk + gn0
)
×
(
ϕ(iωn,k)
ϕ∗(−iωn,−k)
)
(B8)
and
Sint =
∫ ~β
0
dτ
∫
dr
{
g
√
n0
(
ϕ∗2ϕ+ ϕ∗ϕ2
)
+
g
2
ϕ∗2ϕ2
}
.
(B9)
The Feynman rules in momentum and frequency space
are as follows: the single-particle propagator G(iωn,k) is
read off directly from Eq. (B8) and is stated in Eq. (58)
of the main text. In detail, we have
G11(iωn,q) =
u2q
i~ωn − Eq −
v2q
i~ωn + Eq
(B10)
G12(iωn,q) = −uqvq
[
1
i~ωn − Eq −
1
i~ωn + Eq
]
(B11)
G22(iωn,q) = G
∗
11(iωn,q) (B12)
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Tikjl = T
nk
ml
Πinjm
∑
m,n
δikδjl +
i k
j l
FIG. 11. Bethe-Salpeter equation for the two-phonon T ma-
trix, indicated by a box. The wavy line denotes the contact
interaction with strength g and continuous lines indicate Bo-
goliubov propagators given in Eq. (58). Indices are Bogoli-
ubov indices.
G21(iωn,q) = G12(iωn,q) (B13)
with the Bogoliubov coherence factor of Eq. (61). The
density insertion has unit matrix vertex σ0 in Bogoli-
ubov space, and the current insertion has matrix element
~
2m (2k + q)σ3, where ~q is the momentum inserted by
the current. We impose energy and momentum conserva-
tion at each vertex and integrate over every undetermined
loop momentum with measure 1βV
∑
iωn,k
.
We now construct the many-body T matrix within Bo-
goliubov theory. The Bogoliubov T matrix has recently
been used in many-body theories that predict the transi-
tion temperature and the condensate fraction of a weakly
interacting BEC [91], and to formulate theories of the
longitudinal susceptibility [92] consistent with exact re-
sults for the infrared behavior [93–95]. The T matrix
is a 4 × 4 matrix, and we denote the components by
T ikjl (iωn,q), where k and j are the ingoing Bogoliubov
indices and i and l the outgoing indices, and iωn and q
are the frequency and momentum transported through
the diagram. The full matrix structure is
T (iωn,q) =

T 1111 T
11
12 T
12
11 T
12
12
T 1121 T
11
22 T
12
21 T
12
22
T 2111 T
21
12 T
22
11 T
22
12
T 2121 T
21
22 T
22
21 T
22
22
 . (B14)
The T matrix is a solution of the Bethe-Salpeter equation
diagrammatically shown in Fig. 11:
T = g + gΠT, (B15)
where Π is the one-loop bubble with components
Πikjl (iωn,q) =
1
βV
∑
iΩn,k
Gki(iΩn + iωn,k+ q)Gjl(iΩn,k).
(B16)
The symmetries of the Bogoliubov Green’s functions re-
duce the number of independent components:
Π =
Πa Πb Π
∗
b Πc
Πb Πd Πc Πb
Π∗b Πc Π
∗
d Π
∗
b
Πc Πb Π
∗
b Πa
 , (B17)
where
Πa(iωn,q) =
1
V
∑
k
{[
u21u
2
2R1(iωn) + v
2
1v
2
2R1(−iωn)
]
− [u21v22R2(iωn) + v21u22R2(−iωn)]}
(B18)
Πb(iωn,q) =
1
V
∑
k
{
−u1v1
[
v22R1(iωn) + u
2
2R1(−iωn)
]
+ u1v1
[
u22R2(iωn) + v
2
2R2(−iωn)
]}
,
(B19)
where u1 = uk+q, u2 = uk, v1 = vk+q, v2 = vk as
in the main text, R1 and R2 are defined in Eqs. (62)
and (63), and Πc and Πd are defined in Eqs. (70) and (71)
of the main text. We renormalize the interaction in the
standard way as given in Eq. (A2). In particular, this
implies that the 22 and the 33 components of T−1 = 1g−Π
remain finite, as the divergence of 1g cancels a divergence
in Π22. The 11 and the 44 components of T
−1, however,
diverge. Computing the T matrix, we note that only
the components with two ingoing or outgoing lines are
nonzero:(
T 1122 T
12
21
T 2112 T
22
11
)
=
1
( m8pi~2a −Π∗d)( m8pi~2a −Πd)−Π2c
×
(
m
8pi~2a −Π∗d Πc
Πc
m
8pi~2a −Πd
)
. (B20)
In the noncondensed phase, where v → 1 and u → 0,
the off-diagonal terms vanish and the diagonal elements
reduce to the standard T matrix of a thermal gas.
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